The dynamics of the two{dimensional turbulence is studied by a stochastic simulation method. The latter is based on a representation of the random vorticity eld and stream function by a multivariate stochastic process dened by a discrete master equation. It is demonstrated that in the continuum limit the complete hierarchy of coupled moment equations for the statistical formulation of the 2D Navier{Stokes equation is obtained. The probabilistic time{evolution leads to random stresses which can be traced to thermal uctuations and allow to disentangle hydrodynamic and thermodynamic degrees of freedom by some kind of renormalization procedure. The stochastic simulations at a large scale Reynolds number of 2:5 10 5 clearly show the existence of a k ?3 power law in the inertial range of the energy spectrum as is predicted by the Kraichnan{Batchelor theory. 47.25Cg, 02.50.+s, 02.70.+d Typeset using REVT E X 1
I. INTRODUCTION
Many theoretical and numerical approaches to the problem of turbulence are based on a statistical description of the ow eld. Within the usual description of statistical uid mechanics 1] one considers an ensemble of systems each member of which evolves in time according to the Navier{Stokes equation. This procedure yields a special type of Markov process 2] which is distinguished by the fact that the di erential form of the corresponding Chapman{Kolmogorov equation is the Liouville equation describing the phase ow of the Navier{Stokes equation.
In this paper we construct a stochastic formulation of the problem of turbulence which is based on a multivariate master equation governing the dynamics of the random vorticity eld ! and the stream function de ned on a discrete lattice. This master equation represents a more general di erential Chapman{Kolmogorov equation than the Liouville equation for the special Markov process usually considered in statistical uid mechanics: Within our approach in addition to random initial conditions also the time evolution of the process (!; ) itself is intrinsically probabilistic 3]. This means that single realizations of the Markov process de ned by our master equation do not obey the deterministic (discretized) Navier{ Stokes equation. However, as will be shown below the moments of the stochastic process do obey the in nite hierarchy of moment equations of the turbulence.
It is important to note that the master equation contains an additional dimensionless parameter which is not present in the Navier{Stokes equation. This parameter measures the size of the intrinsic uctuations and will be shown to be related to the temperature of the uid. Deriving the equation of motion for the generating functional of the stochastic process (!; ) we demonstrate that performing the limit ?! 0 and the limit of continuous space, the Hopf functional equation 4] of the two{dimensional turbulence is recovered. Thus, in the limit of vanishing intrinsic uctuations the master equation reduces to the Liouville equation of statistical uid dynamics. Furthermore, we show that for nite values of , i.e., for nite values of the temperature the stochastic formulation yields an additional term in the time{evolution equation for the generating functional which leads to random stresses in the equation for the two{point vorticity correlation function. These stresses can be interpreted as spontaneous vorticity uxes which ensure equipartition of vorticity in the nal stage of decay. By means of a kind of uctuation{dissipation theorem the strength of these stresses can be related to the enstrophy{temperature of a canonical ensemble based on the enstrophy as the constant of motion.
The work to be presented in this paper is based on a master equation representation of the two{dimensional Navier{Stokes turbulence which has been developed in 5]. We construct a slightly modi ed master equation which has the advantage of leading to stochastic simulation algorithms which are even more e cient. On the basis of this master equation we then perform some stochastic simulations of the two{dimensional turbulence for very high Reynolds numbers. Our simulation results clearly show the existence of a k ?3 power{law in the inertial range which is precisely the prediction of the Kraichnan{Batchelor theory 6, 7] of the vorticity cascade in 2D{turbulence.
The paper is organized as follows. In Sec. II we de ne the stochastic process representing the random vorticity eld and the stream function by means of a multivariate master equa-tion. Then we derive the equation of motion for the generating function pertaining to the master equation and show that it leads to the Hopf functional equation of the 2D{turbulence in the continuum limit. In Sec. III we perform stochastic simulations of the master equation for high Reynolds numbers and compare our results with other analytical and numerical theories of 2D{turbulence. Finally, in Sec. IV we draw our conclusions.
II. DEFINITION OF THE MASTER EQUATION
We consider the Navier{Stokes equation on the two{dimensional plane with coordinates x (x; y) for 
To be speci c we assume periodic boundary conditions on a square Q with side length L. In order to construct the multivariate master equation which governs the probabilistic dynamics of our formulation of statistical uid mechanics we rst specify the discrete phase space, that is the set of states of the uid. To this end, we partition the position space, i. e., the square Q, into small square cells (of area l 2 ) labelled by two integers ( ; ). Thus, we writex (x ; y ) = ( l; l) for the discrete position vector, where and denote integers which run from 0 to n, and l = L=(n + 1). Furthermore, for the sake of a compact notation we introduce the discrete operators d 1 
where f denotes an arbitrary function on the discrete grid introduced above. The phase space ? underlying our stochastic formulation is given by the space of all 2 (n + 1) 2 {dimensional arrays (!; ) (f! g;f g) ; (3) and can thus formally be written as ? = f(!; ) j ! ; 2 Rg : (4) Introducing the normalized joint probability distribution P = P(!; ; t) on the phase space ? the array (!; ) becomes a multivariate stochastic process. With the help of P expectation values of arbitrary functions F = F(!; ) of the stochastic variables are determined by hFi = Z D! D F(!; ) P(!; ; t) ; (5) where the integral denotes an 2 (n + 1) 2 {fold integral over the stochastic variables:
Invoking now the Markov property 2], the stochastic process (!; ) is completely de ned by a master equation for the joint probability distribution P which can be written in the compact form @ @t P(!; ; t) = AP(!; ; t) :
Here, the time evolution operator A represents a linear operator which acts upon functions of the stochastic variables,
In order to de ne this operator we introduce a special class of linear operators 9]. Consider a map b : ? ?! ? ; (!; ) 7 ?! b(!; ) ; (9) which is assumed to be close to the identity. To any such map there corresponds an operator b de ned by bF(!; ) F(b ?1 (!; )) : (10) In the following we use the convention to denote maps of the type in Eq. (9) by small letters whereas the corresponding linear operator in the space of functions of the stochastic variables will be denoted by the same letter in bold face.
The time evolution operator A is decomposed as
The operator A d which models the viscosity term in the Navier{Stokes equation is de ned
Here 1 denotes the identity operator and b i is the operator corresponding to the linear map de ned by b i :
( ! 7 ?! ! ? ! ! i ; i 7 ?! ! i ; i + ! (13) In this equation ( i ; i ) is one of the four nearest{neighbour cells of ( ; ) and it is understood in Eq. (13) 
Having de ned the stochastic process (!; ) by the above master equation it is now easy to derive the dynamic equations for arbitrary moments and correlation functions of the stochastic variables. This can be done most easily by deriving the equation of motion of the multivariate characteristic function which is de ned by the expectation value
Note that the characteristic function (j; z; t) depends on the two (n + 
The time evolution equation for (j; z; t) is immediately obtained by using the general de nition (5) for the expectation value, di erentiating Eq. (22) with respect to time t, and invoking the master equation (7). The equation of motion for the generating function then allows the comparison with the Hopf functional equation 4] of statistical uid mechanics mentioned at the beginning. This is done by performing rst an asymptotic expansion in ?! 0 and by taking then the limit of continuous space l ?! 0. In the continuum limit the multivariate characteristic function (j; z; t) becomes a functional j; z; t] in the space of functions j(x) and z(x) whereas partial derivatives with respect to j and z turn into the corresponding functional derivatives. 
As one can see from this equation the dominant contribution which is independent of the parameters , , and l is precisely of the form of the Hopf functional equation in the 2{dimensional stream function formulation. Thus we conclude that within the continuum limit the stochastic process de ned by the multivariate master equation (7) yields a complete description of the stochastic properties of the turbulent elds. In particular, the whole hierarchy of dynamical equations for the n{point turbulent correlation functions is correctly described.
The second term on the right{hand side in Eq. (24) 
Here denotes the enstrophy (total mean square vorticity) as functional of the vorticity eld, T is the corresponding enstrophy temperature 10,11] and k B the Boltzmann constant. Furthermore, f = (L= l) 2 denotes the number of degrees of freedom. Thus, we conclude that the parameter introduced into the master equation is equal to two times the ratio of the enstrophy which is contained in the thermal degrees of freedom to the total enstrophy of the eld. Once the parameter is xed, the parameter can be chosen, for example, in such a way that the uctuations induced by the convection operator A c are of the same order of magnitude as the uctuations given by S.
It is important to note that the form of the random stress is known explicitly from Eq. (24). It is therefore possible to disentangle the thermodynamic from the hydrodynamic degrees of freedom and to obtain the zero temperature quantities by a kind of renormalization procedure which is explained in detail in 5]. This renormalization procedure has been used in the analysis of the stochastic simulation data to be discussed in the next section.
III. STOCHASTIC SIMULATIONS OF THE MASTER EQUATION
The stochastic simulation technique which allows to generate realizations of the stochastic process de ned by a master equation of the type (7) is explained in detail in 5]. In the following we report on three di erent runs denoted by R1, R2 and R3, respectively. In all cases we choose L = 1 and the initial vorticity eld is given by a Fourier series of statistically independent modes each of which is drawn from a Gaussian ensemble in such a way that the initial spectrum is given by h! k !~ki t=0 = Ak 2 exp(?k=4 ). Here, !~k denotes the Fourier transform of the vorticity eld and A = 1=768 3 . We use the Reynolds numbers 12] Re = p 2E L= , R L = E= (2 P) 1=3 and R = 3=2 =2 P, where E = hṽ 2 i=2 and and P denote the enstrophy, and the palinstrophy (the enstrophy dissipation rate " ! divided by 2 ), respectively. The simulation parameters are: = 0:02, = 2:5 10 ?6 , = 0:02, " = 10 for runs R1 and R2, and = 0:07, = 6:25 10 ?7 , = 0:02, " = 50 for run R3. The physical parameters are summarized in table I. In all cases the simulation has been performed from t = 0 to t = 25, where one time unit corresponds to approximately one turnover time of the large eddys.
First we show in Fig. 1 the palinstrophy as a function of time for the three runs. After a sharp rise indicating strong nonlinear interaction the palinstrophy reaches a maximum and then decays. As is to be expected the higher the Reynolds number the higher is the time that corresponds to the maximum enstrophy dissipation and the higher is the value of that maximum.
Let us discuss in some detail the behaviour of the energy spectrum. To this end, we rst illustrate the renormalization procedure mentioned in Sec. II. Recall that the structure of the random vorticity stress is explicitly known from the the expansion leading to the Hopf functional equation. This fact allows to substract the thermal uctuations from the simulation data in order to obtain the statistical quantities at zero enstrophy temperature T = 0, that is the 'bare' quantities. To this end, we decompose the vorticity eld into two parts, !~k =!~k + k ; (29) in such a way that the rst part which is denoted by! obeys the equation
whereŴ~k is de ned as in Eq. (26) with !~k replaced by!~k. In accordance with our above discussion! represents the vorticity eld at zero enstrophy temperature. The second part k in Eq. (29) denotes a random eld which is statistically independent from the vorticity and which obeys h k i t = 0; h k k i t = g~k(t) : we obtain Eq. (30). Thus we conclude that the noise part in Eq. (25) induced by the random vorticity stress is removed by the simple transformation (32) which may therefore be used in order to separate uniquely the zero temperature eld from the random vorticity governed by our master equation. It should be clear that the above transformation removes the thermal noise only on the level of the 2{point correlation functions and that the in uence of the random stresses upon the probabilistic dynamics is left unchanged. We shall illustrate this renormalization procedure by means of our simulation data from run R3. To this end, we rst depict in Fig. 2 the energy spectrum Fig. 2) . The dashed{dotted line in Fig. 2 represents the function g~k(t)=2L 2 k (at the same time) estimated again from our simulation data (the expression for the random vorticity stress has been determined to one higher order in l than was done above). Fig. 3 shows the di erence of both curves, that is the renormalized zero{temperature energy spectrum
together with a least square t within the range 5 k=2 80. Fig. 3 clearly demonstrates that the energy spectrum in the inertial range nicely ts to a power law behaviour of the formÊ
The least square t gives for the spectral exponent m = ?3:0 0:1 which is in perfect agreement with the prediction of the Kraichnan{Batchelor theory 6,7] of the vorticity cascade in 2D{turbulence and is also consistent with experimental measurements 13] and other numerical methods 14, 15] . The error indicated above has been estimated by choosing di erent intervals within which the t is perfomed. In order to give an impression of how this asymptotic value of the spectral exponent is reached we plot in Fig. 4 the spectral exponent m for the three di erent Reynolds numbers of our three runs as a function of time. The exponent m has been estimated from the renormalized energy spectra by least square ts within the range 10 k=2 60 for R1 and R2 and within the range 5 k=2 80 for run R3. The Reynolds number R L for run R2 is 2:3 times higher than for run R1 and it is 7:4 times higher for run R3 than for run R2. nor do we see anything special about the exponent 25=7 3:57 as has been speculated by Polyakov 16] on the basis of a theory employing methods from conformal eld theory.
According to the dimensional analysis of the Kraichnan{Batchelor theory the k{ independent constant C in Eq. (36) is given by C = C KB =" 2=3 ! ; (37) where " ! is the enstrophy dissipation rate. We estimate from the data of run R3 that the dimensionless constant C KB is about 0:5.
IV. CONCLUSIONS
An appropriate description of the problem of turbulence often requires in addition to the Navier{Stokes equation a statistical approach in terms of ensembles. For example, the Kraichnan{Batchelor theory of 2D{turbulence is an application of the Kolmogorov theory of 3D{turbulence to the idea of a vorticity cascade. Thus, as in the Kolmogorov theory the predictions of the Kraichnan{Batchelor theory are based upon statistical arguments in an essential way. In particular, the notion of universality is a consequence of the assumption of statistical independence of the small scale motion from the large eddys and is thus intimately connected to a statistical description of the ow eld.
As has been mentioned in the introduction our master equation approach introduces one further stochastic element since also the time evolution itself is made intrinsically probabilistic. Therefore, the realizations of the Markov process de ned by our master equation are not smooth and do not obey the Navier{Stokes equation. However, as has been demonstrated in Sec. II the equation of motion of the generating functional of the stochastic process (!; ) de ned by the master equation leads in the continuum limit to the Hopf functional equation of the two{dimensional turbulence. This means that within the continuum limit the total hierarchy of moment equations is correctly described by the stochastic process de ned by our master equation.
Furthermore, the probabilistic character of the time{evolution gives rise to an additional term in the equation of motion for the generating functional which re ects the presence of random stresses in the equation for the two{point vorticity correlation function. The explicit form of the spectrum of these random stresses is known from the asymptotic expansion leading to the Hopf functional equation. It is thus possible to subtract the energy content of the thermal degrees of freedom from the simulation data in order to obtain the energy spectrum at zero temperature. This renormalization procedure has been explained in detail in Sec. III and has been illustrated by means of our simulation data.
It is important to emphasize the di erences of our approach to other methods of simulating two{dimensional turbulence in which random noise is present. For example, in contrast to lattice{gas simulations 17] our master equation formulation is a true mesoscopic one since it involves the same set of dynamic variables as the hydrodynamic macroscopic description. Within direct numerical simulations with spectral codes one often includes the e ect of random stirring forces (see, e. g. Ref. 18] ). These random forces represent an external source of noise the statistical properties of which (e. g., the correlation spectrum) are assumed to be given. The random noise contained in our master equation description, however, is to be referred to as internal noise which results from the thermal uctuations of the hydrodynamic variables.
The stochastic simulations presented in Sec. III exhibit basic properties which are known from numerical and theoretical investigations of two{dimensional turbulence. In particular, the simulation results clearly demonstrate the existence of a k ?3 {power law in the inertial range of the energy spectrum for the run with Reynolds number Re = 2:5 10 5 (R L = 5:7 10 4 ). We conclude that the stochastic simulation technique based on our master equation is a suitable and powerful method for the estimation of statistical quantities of the turbulent ow eld. In particular, it might be important to note that the stochastic simulation method suggested in this paper leads to numerical algorithms which can easily be implemented on a parallel processor 19]. 
